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We characterise, via the poset of their join-irreducible elements, the distributive lattices, 
Stone algebras and de Morgan algebras on which all congruences are principal. The latter 
condition requires the finiteness of these algebras. We show that the Heyting algebras behave 
quite differently: a chain condition is necessary and sufficient to ensure that all congruences be 
principal. 
Principal congruences play a key role in universal algebra. It is quite natural to 
ask whether in some algebras all congruences are principal. In this paper we solve 
the question in the affirmative for some algebras which have a distributive lattice 
as a reduct. 
Let B be a subset of the algebra A. The congruence generated by B is the least 
congruence which collapses all elements of B. If B = {a, b}, one writes @(a, b) 
for 8(B) and @(a, b) is said to be a principal congruence. If A is a 
lattice-ordered algebra, then there is no loss of generality in considering only 
those pairs (a, b) for which a 6 b. 
The necessary background about lattice theory and universal algebra can be 
found in [3] and [6]. The following facts are well-known and will be useful in what 
follows. 
1. The congruence lattice of a finite distributive lattice is boolean. It follows 
that every congruence is the meet of finitely many maximal congruences, that is, 
coatoms of the congruence lattice. 
2. In a distributive lattice L the meet of two principal congruences is again a 
principal congruence. Consequently, if L is finite then all congruences of L are 
principal if and only if all maximal congruences are so. 
3. If Z is an ideal of the distributive lattice L, then O(Z), the least congruence 
possessing Z as a class, is defined by 
(_r,y)~@(Z) ifandonlyif xvu=yva for some a E I. 
For F a filter of L, O(F) is defined dually. 
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For every distributive lattice L, we denote by J(L) (resp. M(L)) the poset of 
all nonzero join-irreducible elements of L (resp. the poset of all nonunit 
meet-irreducible elements of L). The length of a poset P, Z(P), is the supremum 
of the length of the chains of P. If Q is a subset of P, then Q 1 and Q t denote 
the decreasing subset and the increasing subset generated by Q, respectively. 
When P is a lattice and a E P, then the symbols a J and a T are used for the 
principal ideal and the principal filter generated by a, respectively. 
As we already explained, we are interested in the following property of an 
algebra A: 
(PC) All congruences on A are principal congruences. 
1. Distributive lattices 
In an atomless boolean lattice L, we have J(L) = 0. Similarly, .Z(E x E) = 0. 
Can such lattices satisfy property (PC)? The following theorem answers the 
question in the negative. 
Theorem 1. A distributive lattice L has property (PC) if and only if L is finite 
and /(J(L)) s 1. 
Proof. We first show that no infinite distributive lattice satisfies property (PC). If 
the distributive lattice L is infinite, then L possesses a filter F (or an ideal I) 
which is not principal. Let us consider the first case (the second case should be 
treated in a similar way). 
Let us suppose that for some a, b E L we have O(F) = @(a, b). Without loss of 
generality we may assume that a <b. If y,, y2 E br n F then (yi, yJ E O(F) = 
@(a, b) gives y1 = y, v b = y2 v b = y2. Thus bt n F is a singleton, and necessarily 
brnF={l}. (1) 
For every x E F we have (x, 1) E O(F) = @(a, b) so x A a = 1 A a = a and hence 
a 6.x. Thus bt v F c_ at. Now (a, b) E O(F) and so, for some z E F, a A z = b A z. 
Thus, a = b A z and consequently 
bf v F = at. (2) 
It follows by (1) and (2) that F is principal, a contradiction. 
From now on let L be finite. If I(J(L)) > 2, there are 3 join-irreducible 
elements, say ao, al, a2, such that a0 C al < a2. The filters a& aI, ai are prime. 
Let us denote their set-complements by b& bl, bd respectively. The elements bo, 
bI, b2 are meet-irreducible and generate prime ideals. The congruence 0 the 
classes of which are af and bI is maximal. We claim that 0 is not principal. In 
fact, if it were, it should be either Q(0, b,) or @(al, 1). It cannot be O(0, b,) 
since bT is the kernel of the 3-class congruence {bl, aj, L\(bf U ad)}. A similar 
argument shows that 0 cannot be @(al, 1) either. 
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Conversely, assume that Z(.Z(L)) < 1 and that a maximal congruence 0 on L, 
say {N, 4, h EM(L), a, eJ(L), is not principal. Then both O(0, b,) and 
@(a,, 1) differ from 0 and consequently have at least 3 classes. The cokernel of 
O(0, b,) is a filter F defined by 
x E F if and only if (x, 1) E O(0, b,) if and only if x v b1 = 1. 
As O(0, b,) has at least 3 classes it follows that F does not contain al, hence 
a1 v b1 $ F since (a,, a, v b,) E O(0, b,). The filter F and the ideal (a, v b,)l are 
disjoint and, by the Stone separation theorem, there is a prime filter G containing 
F and not containing a, v bl. The generator u2 of G belongs to J(L) and is such 
that a2 > a,. In a similar way we can express that @(al, 1) has at least 3 classes 
and we show that there is a0 EJ(L) such that ao< al. The chain ao<al < a2 
contradicts the hypothesis. Cl 
Clearly a poset P is such that l(P) G 1 if and only if all its subsets are convex. 
Since the congruences on a finite distributive lattice L are in one-to-one 
correspondence with the subsets of J(L), Theorem 1 suggests to use duality 
theory to obtain an equivalent form of property (PC). The duality approach of 
the problem we are dealing with is very satisfactory. The basic requirements can 
be found in [4] and [9]. A n excellent brief outline is given in [l] and [2]. Since all 
posets that we are considering are finite, the topology is necessarily discrete. For 
a, b, c, . . . elements of L, we denote by A, B, C, . . . the decreasing subsets of 
J(L) that represent a, b, c, . . . respectively. The above mentioned one-to-one 
correspondence between the congruences 0 and the subsets Q of J(L) is defined 
by 18, page 2231 
(a, b) E 0 if and only if AAB L Q 
(where A is symmetric difference), or, equivalently, by 
(a, b) E 0 if and only if A f~ CQ = B n CQ. 
The following property is probably well known. Its direct proof is easy. 
Lemma. Let L be a finite distributive lattice. A congruence 0 on L is principal 
if and only if the subset Q of J(L) that represents 0 is convex. 
Proof. In [8, Proposition 121 H.A. Priestley proved that if 0 is a congruence of 
L, then 0 = O(F) for some filter F if and only if the subset Q, of J(L) which is 
associated with 0 is increasing. Dually, 0 = O(Z) for some ideal Z if and only if 
the subset Q2 of J(L) which is associated with 0 is decreasing. Since @(a, b) = 
@(ar) fl O(bl), the subset of J(L) that represents @(a, b) is the convex set 
Q, n Qz. 
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The converse is straightforward: a convex set is the intersection of an increasing 
subset and a decreasing subset; moreover, in a finite lattice all filters and ideals 
are principal. cl 
The following property is then straightforward. 
Theorem 1’. A distributive lattice L has property (PC) if and only if L is finite 
and all subsets of J(L) are convex. 
Corollary. The direct product of finitely many distributive latttices which have 
property (PC) shares the same property. In particular, finite boolean lattices and 
finite distributive lattices L such that J(L) is a crown or a fence have property 
(PC). 
2. Stone algebras 
A Stone algebra (L; v , A, *, 0, 1) is an algebra of type (2,2,1,0,0) such that 
(L; v, A, 0, 1) is a bounded distributive lattice and the unary operation *, 
defined by AX = 0 if and only if x s a *, satisfies the identity x* v x* * = 1. 
The skeleton of L, denoted by L**, is the subalgebra {x E L:x=x**}. If 
L** = (0, l}, then L is said to be dense. 
Throughout this section the word congruence will mean equivalence relation 
compatible with both the lattice operations and the unary operation*. 
Let A and B be two algebras which belong to the same variety V. Then A x I3 
has the Fraser-Horn property (FH) if every 0 E Con(A X B) is a product 
congruence Or x 0, (in other words, if A x B has no skew congruence). The 
variety V has property (FH) if for all A, B E V, A X B has property (FH). LA us 
recall that if Con(A x B) is a distributive lattice (which is the case for Stone 
algebras), then A x B has property (FH). The following property is easy to 
establish and very useful in what follows. 
Lemma. Zf V is a variety which has property (FH) and V 3 A = AI x * . - x A,, 
then A has property (PC) if and only if each Ai (i = 1, . . . , n) has property (PC). 
Proof. This is immediate from the fact [5, Theorem 31 that a congruence on A is 
principal if and only if it is the product of principal congruences on the Aj, the 
“only if” part being justified as follows: the map (O,, . . . , On)-* O1 x - - - x 0, 
is an isomorphism from Con(A1) x - - * x Con(A,) onto Con(A). Cl 
Theorem 2. A Stone algebra L has property (PC) if and only if L is finite and 
l(J( L)) < 2. 
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Proof. We first show that no infinite Stone algebra satisfies (PC). Let L be a 
Stone algebra which satisfies (PC). It is well known that every filter F of L is the 
cokernel of a congruence. In fact, the lattice congruence O(F), defined by 
(x, Y) E Q(F) f i an d only if x A f = y A f for some f E F, is congruence on L since 
the latter equality implies x* vf* =y* vf*, hence (x* vf*) of = (y* vf*) of, 
that is x* A f = y * A f. Since L satisfies (PC) and every principal congruence on L 
is a principal lattice congruence [7, Lemma 21, for every filter F there is a 
principal lattice congruence @(a, b) such that O(F) = @(a, b). In the proof of 
Theorem 1 we have shown that F is necessarily a principal filter. All filters of L 
are principal, which means that L satisfies the Descending Chain Condition 
(DCC). Clearly L** also satisfies (DCC) and, since L** is a boolean lattice, L** 
is finite. It follows that L is the direct product of the ideals Li (i = 1, . . . , n) 
generated by the (finitely many) atoms of L**, and each of these ideals is a dense 
lattice, with exactly one atom. By the Lemma, each Li satisfies (PC). By 
adjoining to the classes of a lattice congruence on L,\(O) the single class (0) one 
obtains a congruence on Li, and all congruences on Li except hi, the universal 
congruence, are obtained in this way. Consequently a congruence on Li is 
principal if and only if it corresponds to a principal lattice congruence on Li\{O} 
or is equal to hi (for a # 0, (a, 0) E 0 implies 0 = Li). By Theorem 1 each Li has to 
be finite and L itself is finite. 
Moreover, in each Li the least element 0 is covered by a unique element ai. 
Since ai E J(L,), all congruences on Li are principal if and only if 1(J(L,)) G 2 (an 
element in L which does not belong to some Li is necessarily v-reducible) and 
the preceding Lemma completes the proof. Cl 
3. de Morgan algebras 
A de Morgan algebra (L; v, A, 0, 0, 1) is an algebra of type (2,2,1,0,0) such 
that (L; v, A, 0, 1) is a bounded distributive lattice and the unary operation 0 is 
a dual (0, 1)-lattice endomorphism such that P’= a. A full account of duality 
theory for de Morgan algebras may be found in [l] and [2]. Let us just recall that 
finite de Morgan algebras L are dually equivalent to (J(L), (Y) where cx is an 
anti-isomorphism such that CY’(X) =x for all x E J(L). The congruences on L 
correspond to the subsets of J(L) that are closed under (Y. 
Lemma [2, Lemma 61. Let L be a finite de Morgan algebra. Then Q c J(L) 
represents a principal congruence if and only if Q = (2’ U a(Q’) for some convex 
subset Q’ of J(L) that is decreasing in Q. 
Theorem 3. A de Morgan algebra L has property (PC) if and only if L is finite 
and f(J(L)) 6 3. 
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Fig. 1. 
Proof. The necessity of the finiteness of L follows from the following two 
properties proved by Sankappanavar in [8, Theorem 3.8 and Lemma 3.101: the 
congruence lattice of a de Morgan algebra L is boolean if and only if L is finite; 
moreover, every principal congruence on L has a complement. 
Suppose first that l(J(L)) > 3. Then there is in J(L) a 5-element chain 
a < b < c < d < e. The subset Q of J(L) whose elements (not necessarily distinct) 
are a, c, e, a(a), (Y(C), a(e) is closed under (1: and there is no convex set Q’ such 
that Q = Q’ U w(Q’). H ence Q represents a non-principal congruence. 
Now assume that l(J(L)) 6 3. Let Q be a subset of J(L) closed under cy. If Q is 
convex, then it represents a principal congruence. If Q is not convex, then there 
exist triples (a, b, c) such that a < b cc, a E Q, c E Q and b $ Q, from which it 
follows that a(b) $ Q. Let Q’ be the subset of Q obtained by removing every 
element c associated with such a triple and keeping a and a(c). Since Q is finite, 
one obtains a convex subset Q’ of Q which satisfies the required condition. q 
4. Heyting algebras 
Considering the previous propositions the reader might be inclined to infer that 
the property (PC) requires the finiteness of the algebra. We are going to show 
that there exist important classes of lattice-ordered algebras which invalidate this 
supposition. 
A Heyting algebra (L; v , A, *, 0, 1) is an algebra of type (2,2,2,0,0) such 
that (L; v, A, 0, 1) is a bounded distributive lattice and the binary operation * is 
definedbyur\x<bifandonlyifxsu*b. 
Theorem 4. A Heyting algebra has property (PC) if and only if it satisfies 
(DCC). 
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Proof. Let L be a Heyting algebra. The congruences on L are in one-to-one 
correspondence with the filters of L. For every filter F, the congruence O(F) has 
cokernel F and is defined by 
(x, y) E O(F) if and only if XA~=YA~ forsome fEF. 
If L satisfies (DCC) then every filter is principal and every congruence 0 on L 
has the form @(a, l), where a is the generator of the cokernel of 0. 
Now let us suppose that L does not satisfy (DCC). Then there is in L a filter F 
which is not principal. Let us suppose that O(F) = @(a, b) for some a, b E L. 
Then there is f E F such that a A f = b A f and (a, b) E O(f T, < O(F). It follows 
that O(F) is not the least congruence collapsing a and b. Cl 
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